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Abstract 

A theory of cotetrad fields on a four-dimensional manifold is considered. Its 
configuration space coincides with that of the Teleparallel Equivalent of General 
Relativity but its dynamics is much simpler. We carry out the Legendre transfor- 
mation and derive a Hamiltonian and a constraint algebra. 

1 Introduction 

There are many distinct formulations of General Relativity (GR) differing from each 
other by the way one encodes information about the gravitational field. The original 
approach by Einstein uses a spacetime metric as the fundamental variable [I]. In the 
so-called Palatini formulation the basic variables are a cotetrad field on a spacetime and 
a connection one- form of non-zero curvature [2]. GR can be viewed as a constrained 
BF-theory where the basic variables are a connection one-form and a two-form O H]. 
Another formulation is the Teleparallel Equivalent of GR (TEGR) (see e.g. [5j [6J [7] 
and references therein) where the fundamental variables are either a cotetrad field and 
a connection of zero curvature or just a cotetrad field. 
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Endeavoring to formulate a quantum model of gravity one can choose a quantization 
method and try to apply it to any of different formulations of GR. There is of course 
no guarantee that a particular method will work well with a chosen formulation, but 
examples of Loop Quantum Gravity (LQG) (see e.g. [H [9]) and Spin Foams (SF) (see 
e.g. |10| ) show that it is possible — LQG is a result of canonical quantization applied to 
the formulation of GR in terms of the Ashtekar-Barbero connection, while SF come from 
the BF-\ike approach to GR subjected to (appropriately defined) path integral method. 

We are concerned with applying a canonical quantization to TEGR formulated as a 
theory of corepers (cotetrad fields). Since Hamiltonian formulations of this version of 
TEGR0 appear to be rather complicated |12[ \13\ [14"l [15] it seems reasonable to check first 
whether canonical quantization can be successfully applied to a theory which shares the 
configuration space with TEGR but differs from it by having much simpler dynamics. In 
this paper we present a Hamiltonian formulation of such a theory as a first step towards 
its quantum model. 

The theory will be formulated in terms of differential forms — an action defining the 
dynamics of the theory will be given as an integral of a four-form built from a coreper 
by means of the exterior derivative, the wedge product and a Hodge operator. The 
Hamiltonian framework of the theory will be also expressed in terms of forms. It turns 
out that it is possible to describe a Hamiltonian framework of TEGR in the same fashion 
|16| and the research on the theory presented in this paper was a preparatory exercise 
for that. 

The paper is organized as follows: after short preliminaries (Section 2) we define the 
theory (Section 3). Next, in Section 4 we describe a 3 + 1 decomposition of all objects 
needed to define the action and, finally, of the action itself. In Section 5 the Legendre 
transformation is carried out and a Hamiltonian is derived. In Section 6 we derive a 
constraint algebra and in Section 7 we present a short discussion of the results obtained. 
In Appendix placed after Section 7 we recall shortly some basic definitions, prove many 
formulae applied in the paper and present a general Hamiltonian formalism adapted to 
differential forms based on (TTJ [7] . 

2 Preliminaries 

Let M be a four-dimensional oriented vector space equipped with a scalar product ij of 
signatur^] ( — , +, +, +). We fix an orthonormal basis (z>a) [A = 0, 1, 2, 3) such that the 
components (ijab) of V given by the basis form the matrix diag( — 1, 1, 1, 1). The matrix 
(tjab) and its inverse (r] AB ) will be used to, respectively, lower and raise capital Latin 

1 A Hamiltonian description of TEGR formulated as a theory of corepers and connections can be 
found in [11] . 

2 According to the definition of signature given in Appendix [A] the signature of r\ is 1. 
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letter indeces. 

Let Ai be a four-dimensional oriented manifold. We assume that there exists a 
smooth map : TAi — > M such that for every y E Ai the restriction of to the tangent 
space TyAi is a linear isomorphism between the tangent space and M which preserves 
the orientations. The map can be expressed by means of the orthogonal basis (va) as 

= 6 A ® v A , 

where (0 A ) are one-forms on Ai. Obviously, the one-forms (0 A ) form a coreper or a 
cotetrad field on the manifold. If (x^), (/i = 0, 1, 2, 3), is a local coordinate frame on Ai 
compatible with its orientation then the determinant of the matrix (0 A ) built form the 
components of the forms 6 A in the coordinate frame is positive, 

det(G A ) > 0. (2.1) 

The map can be used to pull back the scalar product rj on M to a metric on the 
manifold Ai turning thereby the manifold into a spacetime. We will denote the resulting 
metric by g, 

9 ■= VabO A B . (2.2) 

The metric g defined a volume form e on Ai and a Hodge operator * mapping differential 
fc-forms to (4 — /j)-forms on the manifold (k = 0, 1, 2, 3, 4). 

3 Definition of the theory 

In this paper we will consider a theory of cotetrad fields on Ai which means that the 
configuration space of the theory will be a set of all the maps 6 which satisfy the as- 
sumptions listed in the previous section. Since we are interested in a simple toy-model 
the dynamics of the theory will be given by the following action [18j: 

S[0 A ] = ~\j dO A A*dO A , (3.1) 

which seems to be the simplest background independent action quadratic in derivatives 
of 6 A . Recall that the Hodge operator * is given by the metric g = r\AB& A <8> ® B and 
therefore is a function of . The action is invariant with respect to 

1. diffeomorphisms of Ai: S[(f*6 A ] = S[0 ], where tp* denotes the pull-back given by 
a diffeomorphism (p on Ai, 

2. global Lorentz transformations: S[K A bO B ] = S'f^" 4 ], where A A b is a constant ma- 
trix belonging to the Lorentz group. 

3 We recall the definitions in Appendices 1X1 and [Bl 
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Let us now describe a relation between the theory just defined and TEGR. As men- 
tioned in the introduction TEGR can be formulated as a theory of cotetrad fields, which 
means that both theories under considerations share the same configuration space. Now 
let us compare actions defining the theories. 

Consider a linear space of two-forms on M valued in M. Such a two-form is of the 
following form 

$ = $ A ® VA = -$ A BC v B a v c <g> va, 

where <& A bc = — ^ A CB and (v A ) is a basis dual to (va)- There is a natural representation 
of the Lorentz group on this linear space: 

foA ,_, a A a —IB' a-IC" x.A' 

where A^# is a Lorentz matrix. This representation acts pointwise on the two-form 
d6 A = ^(dO A )Bc6 B A 0^ an d provides a decomposition of dO A into irreducible compo- 
nents [Eg ED] 

MdO A :=de A -WdO A -WdG A , 

WdO A := l -0 A A(e B MO B ), (3 . 2) 

:=ie A j(0 B Ade B ), 
3 

where (e s ) is a reper dual to (9 ), and j denotes a contraction of a vector field with a 
differential forn@. Using this decomposition one can define a family of actions quadratic 
in dO A 0: 

3 

S[6 A - ai, a 2 , o 3 ] := / d6 A A *(^ a; ^d6 A ), (3.3) 

where {ai} are real numbers. Setting a\ = 1, 02 = —2 and 03 = —1/2 one obtains an 
action of TEGR, while setting a\ = 02 = 03 = 1 one arrives at (|3.ip . Note that the 
action (|3.1|) is (modulo a constant factor) the simplest action among (|3.3p — in this case 
all the {a^ are equal and consequently the irreducible components {^d6 A }, being quite 
complicated functions of 6 A , sum up to d6 A . 

Alternatively, an action of TEGR can be expressed as follows [21J: 

S[0 A ] = ~ J dO A A *dG A - (*d*6 A ) A d* A - \(de A A A ) A *(dO B A Q B ). 



4 Let a be a differential fc-form and X a vector field on a manifold. Then X_ia is a (k — l)-form such 
that for any vector fields Xi, . . . , Xk-i 

(X_ia)(Xi, . . . ,Xh-i) '■= a(X,Xi, . . . ,Xh-i)- 
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Omitting the last two terms one gets ([3.ip . 

On the other hand the action above can be rewritten as [21 J: 

S[0 A ] = J -l.(dO A A0 B ) A *(d6 B A6 A ) + ^{dO A A 6 A ) A *(d0 B A B ). (3.4) 

Note that there is a similarity between this action and (I3.ip — the integrand of the latter 
one is just "a square" of dO A (defined by the Hodge operator * and the scalar product rf), 
while the integrand of the former one consists of two "squares" oidO A /\0 B . Due to this 
similarity the Hamiltonian analysis presented in this paper turned out to be very helpful 
while studying the Hamiltonian structure of TEGR based on the action (13 . 4|) [16J. 

4 3+1 decomposition 

To carry out a 3 + 1 decomposition of the action (|3,ip we have to impose some additional 
assumptions on the manifold A4 and the map 6. We require that 

1. M=lxS, where £ is a three dimensional manifold. 

This assumption allows us to introduce a family of curves in A4 parameterized by points 
of £ — given x G X we define 

M9m(t,i)eKxS = M. (4.1) 

These curves generates a global vector field on M. which will be denoted by dt- We 
require moreover that 

2. the map 6 is such that dt is timelike with respect to the metric g defined by 6. 

3. the map is such that for every f £ K the submanifold := {t} x E is spatial 
with respect to g. 

Now we can use the vector field dt to define a time orientation of A4 — by definition dt is 
future directed. 

In order to not be troubled by boundary terms in the Hamiltonian formulation we 
assume that 

4. £ is a compact manifold without boundary. 

Assumption 1 allows us to define a function on A4 which maps a point y to a number 
t such that j/ G S(. Abusing the notation we will use the letter t to denote the function. 
Let (x*), (i = 1,2,3), be local coordinates on S. The coordinates together with the 
function t define local coordinates on A4 which associate with an appropriate y G 
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four numbers (x° = t,x l ) = (x M ). Obviously, on the domain of such a coordinate frame 
the vector field do given by the frame coincides with dt generated by the curves (|4.ip . 
Since now we will restrict ourselves to coordinate frames (x^) on A4 of this sort assuming 
additionally that each frame we are going to use is compatible with the orientation of 
the manifold. 

Note that these coordinate frames induce an orientation of £ which since now will 
be treated as an oriented manifold. 

Let us finally emphasize that in this paper the spacetime indeces will be denoted 
by lower case Greek letters and will range from to 3 and the spatial indeces will be 
denoted by lower case Latin letters and will range from 1 to 3. 

Now we are ready to carry out a 3+1 decomposition of all relevant objects: differential 
forms, the coreper (Q ), the metric g, the volume form e, the Hodge operator * and finally 
the action (I3.1j) . 

4.1 Decomposition of differential forms 

Denote by d the exterior derivative of forms on A4 and by d the exterior derivative of 
forms on S. A fc-form a on A4 can be decomposed with respect to the decomposition 
M = R x S as follows [T7] 

a = a + a, 

where 

a := dt A a±, a±_ := dt-iat, 

is its "timelike" part and 

a := dt-i(dt A a) 

its "spatial" part. 

a is a form on A4 which can be expressed in a coordinate frame (t, x l ) as 
a = 4, (t, x l )dx' n A ... A dx %k . 

The form naturally defines a form on S (or more precisely, a one parameter family of 
forms on S the parameter being the coordinate t) 

q' := — ai x _i k (t, x l )dx 11 A ... A dx %k . 

Moreover, it is possible to restore the original form a from a': given the latter one we 
define 

dt-ia := 0, a(X 1} . . .,X k ) := ol{X\, . . .,X k ), 
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for all vector fields (Xi, . . . ,X}~) tangent to the foliation {£t} of A4. Therefore in the 
sequel we will not distinguish between a and a'. There is, however, one subtlety concern- 
ing Lie derivatives of a and a'. Let X be a vector field on A4 tangent to the foliation 
Denote by the Lie derivative on A4 with respect to X and by C'^ the Lie 

derivative on St with respect to a restriction of X to the submanifold. Then in general 
C^a cannot be identified with C'^a'. Indeed, if a is a one-form on A4 then 

A — X — 

C$a = (N^d^ + a^d u N^)dx u = a^NUt + (iV^a- + a i d j N i )dx j . 

and only the last term in this equation can be identified with C'^a' . However, in the 
sequel we will never encounter Lie derivatives C-^a as defined above, but we will do 
encounter derivatives C~a'. Since we would like our notation to be as simple as possible, 
since now we will use the symbol Cj^a to denote the derivative 

Similarly, a± is a form on A4, but it can be treated as a (one parameter family of) 
form(s) on £. 

Here we present a list of basic properties of the maps a i— >■ a 1 - and a4a [171 E] : 
± ( ± a) = ± a, (^a) = ± (a) = 0, (a) = a, 



± (aAf3) = (- L a)A§_ + aA( ± (3), (a A/3) = a A/3, a± = a±, 

dtja = 0, (da)±_ = Cg t a — da±, (da) = da, 

da = dt A Cg t a — dt A da± + da 



(4.2) 



where £g t denotes the Lie derivative with respect to the vector field dt- 

4.2 Decomposition of the coreper 

Since each 6 A is a one-form it decomposes as 

e A = ej_dt + e A . (4.3) 

Our goal now is to express A as a function of A and some additional parameters. 

To this end we are going to show that there exists a function £ A on A4 valued in M 
such that [32] 

£ A A = and £ A £a = -1. (4.4) 

The first condition allows us to conclude that 

cA _ A aBaCaD 
4 oc e bcdV\ V 2 ^3 

where eabcd is a volume form on M defined by the scalar product rj. However, this 
expression turns out not to be very convenient, so let us change it a little bit. Denote 
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by q an Euclidean metric induced on £j by the metric g: 

q = qijdx 1 <X> dx-' := gijdx 1 ® dx^ = tiabQ_ A <8> Q_ E ' , 

„A»B ( 4 - 5 ) 
qij = VABOfOf. 

The metric q defines a volume form e on and a Hodge operator * acting on the forms 
on the submanifold. Let e ljfc be the components of a tensor obtained from e by raising 
its indeces with a metric inverse to q. Then 

e = K e A Bc D eV k e?efe° = ks a bcd * (e B a e c a e D ), 

where k is a function. Now using the identities 

e AB ' C ' D 'e AB cB = -3\5^ B 5 C ' C 5^ D , (4.6) 

being particular cases of a general identity (jA.ip we impose on £^ the second condition 
in (|4.4p obtaining thereby 

C A = ±| £ A BC C * (0 B AO c AO D ). (4.7) 

Using a coordinate frame (t = x°,x l ) we see that 

Gj_ = G A and A = Ofdx\ 

Fixing the value of the index fi we can treat 6 A as a function valued in M. The conditions 
(|4,4p mean that for every y 6 .M the vectors (£^(y), 9 A (y)) form a basis of M. Therefore 
there exists a function N and a vector field N = N l di on A4 tangent to the foliation 
{S*} such that p2] 

0^ = N£ A + A^flf = iV£ A + NjO a . (4.8) 

The function N will be called /apse and the vector field N will be called shift. 

Let us now comment on the result (|4.7p . It is ambiguous because the second condition 
in (I4.4p is quadratic in £ . This is, however, not a serious problem since in (14, 8p £ is 
multiplied by iV and any change of the sign of £^ can be absorbed by a change of the 
sign of N. Nevertheless, it would be convenient to fix the sign in (I4.7p . Before we will 
do this let us first apply the condition ([2.ip (recall that the coordinate frame {t,x l ) is 
assumed to be compatible with the orientation of M): 

det(0£) = e A efe^e B e AB cD = 

ATcAaBaCaD c , N ' A _ JjkaB' a C nD' aB aC aD _ 

= iV£ U l tf 2 V 3 EABCD = ^ B'C'D'ZABCDt &i Vj &k t, l t *2 t '3 ~ 



qnQj2qk3 = TNe 123 = TNy/det qij > 0, 
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where we used (|4.6p and (|4.5p . This result means that either (i) the sign in (|4.7p is — 
and > or (ii) the sign is + and N < 0. To remove the ambiguity we choose (i). 

Let us summarize this subsection by expressing the final form of the decomposition 
of the function 6 A : 



0j_ = N£ A + NjO a , (4.9) 

t A = -J^bcd * (0 B A6 C A0 D ), (4.10) 
N>0. (4.11) 

4.3 Decomposition of metric and volume form 

Here we will use the results of the previous subsection to obtain a 3+1 decomposition 
of the metric g defined by (|2 . 2|) . Note first that we already introduced (see (|4.5p ) the 
spatial metric q on £ as the one induced on the manifold by the space-time metric g. 
The metric q and its inverse q , 

q -i.-qVa i ®d j , q ij q jk = S i k , (4.12) 

will be used to, respectively, lower and raise indeces of tensors defined on X. As men- 
tioned earlier the metric q defines the volume form e on £ and the Hodge operator *. 
Let us emphasize that (as it follows from (I4.5P ) the metric q can be defined explicitely 
in terms of the restricted forms (0 A ). Therefore all object defined by q (as e and *) 
are in fact functions of (£ ). 
It is clear that 

g»u = r,AB0 A 0*, (4.13) 
hence by applying (|4.9p and (|4.5p we get 

g m = -N 2 + N i Wq ij = -N 2 + N i N u 9oi = N j qji = N h g ij = q ij , (4.14) 

which is the standard 3+1 decomposition of the metric (22] • Equivalently, 

g = (-N 2 + JSFNi) dt 2 + 2Ni dtdx 1 + q. (4.15) 

Denote by T a future directed timelike vector field orthogonal at every point x S A4 
to T, t passing through x and normed, i.e., g(T,T) = —1. Then (T,di) is a (local) reper 
on Ai, hence there exist four numbers n > and (n l ) such that 

d t = nT + rtdi. 

Using this formula to calculate goo an d goi and comparing the results with (|4.14p we see 
that n = N and n l = N\ that is, 

8 t = NT + N 
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which justify calling N the lapse and N the shift. 

Later on we will need a 3+1 decomposition of the metric g^ 1 inverse to g and the 
volume form tonM. Let 

f = Ndt, f 1 = N l dt + dx\ (4.16) 

Then 

g = -f 2 + q ij f i ®fi (4.17) 
The vector fields (T, d() turn out to form a tetrad dual to the cotetrad (T, T l ) hence |22| 
g -l = _ T 2 + q ij d . q g. = _L ^ _ Qt + 2N iQ t ^Q. + ( N 2 g ij _ N i N 3) d . g, _ ( 4 . 18 ) 

It follows from (14.17P and (I4.16|) that the volume form e decomposes as follows 
e = yMet q~j f A T 1 A T 2 A T 3 = Ndt A (yMet q {j dx 1 A dx 2 A dx 3 ) = Ndt A e, (4.19) 
where e is the volume form on St defined by q. 

4.4 Decomposition of a A */? 

Let a,/3 be A;-forms on .M. Then 

a A*P = -N~ x dt A (a_L - iVja) A *(/3_l - iVj/3) + iV dt A a A * /3, (4.20) 

where * is the Hodge operator defined by the metric q on Sj. 

The decomposition (|4.20p is proven in Appendix [B] in a general case, i.e., for any 
fc-forms a, f3 on an re-dimensional manifold equipped with a Lorentzian metric g. 

Let us note as a digression that (|4.20p allows us to express the parts (*/3) and */3 
by means of /3j_, /?, the lapse, the shift, the operator * and the one- form dt. To show 
this we assume for a while that dim Ai = re. Then a A */3 is an n-form and therefore 
a A */3 = 0. Consequently, by virtue of (|4,2p 

a a*/3 = ± (a A */3) = ± a A + a A ± (*P). 
On the other hand, (I4.20P can be transformed to the following form: 

aA*/3 = L aA^-N- 1 *(l3 ± -Nj§)^+aA^-dtAN- 1 N^(f3 ± -Nj§) + (-l) k NdtA*pj. 

Note now that in the equation above a is multiplied by a "spatial" form while a by a 
"timelike" form. Moreover, the last two equations hold for every a. Taking into account 
the fact that and a are independent we obtain 

*P = -N- 1 * (j3 ± -Nj/3), 

± (*P) = -dt A N~ x Nj * {P± - Nj§) + (-l) k Ndt A *p. 

However, we will not use these two formulae in this paper. 
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4.5 Decomposition of the action 



According to (|4.2Up the action (|3,1|) can be decomposed as follows 
S[9 A ] = [ ^-dt A ((dG A ) ± - NjdB A ) A *((dO A )± - N jdQ A ) - —dt Ad0 A f\ *dO A , 

where at this moment N and iV are functions of A (an explicite form of these functions 
can be obtained from dUSD , ([TOD and KWi ). Expressing (d6 A ) ± by means of 0j_ and 
9 A as shown in (|4.2p we rewrite the action in the following form 

s[ol,o B ] = I ^dt a (c di e A - d(e A ) - Njdo A ) a *(£ di e A - d(e A± ) - N^de A )- 

- —dt A dO A A *dO A = 
2 - ~ A 

= f ^dt A (C 9t 9 A - E A ) A *(C dt e A - E A ) - -dt A d6 A A *dO A , (4.21) 

where 

E A := d(Of) + NjdO A . 

For the sake of further convenience we will change the way we parameterize the 
configuration space. The space consists of all global corepers A on A4. On the other 
hand the foliation A4 = K x S provides the decomposition (14. 3p . Note now that in the 
action ([4.2ip there is no Lie derivative of A with respect to dt, which means that from 
the point of view of canonical formalism 6 A is not a dynamical variable, but rather a 
Lagrange multiplier which defines four constraints on the phase space. Since we would 
like to obtain an ADM-like Hamiltonian formulation of the theory we will parameterize 
the configuration space by 6 A , the lapse and the shift N and treat 9 A as the function 
(|4,9p of these variables. Consequently, we will treat the action (|4.2ip as a functional 
depending on A , N and N, i.e., as S[6 A , N, N]. 

5 Hamiltonian formulation of the model 

Since the theory under consideration is formulated in terms of differential forms it will 
be convenient to use a Hamiltonian formalism which is adapted to forms. An outline of 
such a formalism based on that of |17[ [7] is presented in Appendix [Cj 

It will also be convenient to simplify the notation — since now we will denote the 
"spatial" part of the one- form G A by 9 A , i.e, 

e A = e A 



n 



and its Lie derivative with respect to dt by 9, i.e., 

c 9t e A = e A . 

At the end of the previous section we reparameterized the configuration space by 6 A , 
the lapse N and the shift N. Since in the action (|4,2ip there is no Lie derivative of N 
and N with respect to dt we will treat them as Lagrange multipliers. Thus a point in 
the phase space of the theory consists of 

1. a quadruplet of one-forms (0 A ) on E such that at each point x E E the rank of the 
matrix (9 A (x)) is maximal; 

2. momentum (pa) conjugate to 6 A : since S is three dimensional and 9 A is a one- form 
(pa) is a quadruplet of two- forms. 

Equivalently, a point in the phase space of the theory consists of 

1. a map 9 : TE — > M such that for every x £ E the restriction of 9 to T X T, is a linear 
injection; 

2. the momentum p as a two-form on E valued in M* being the dual space to M. 

The Poisson bracket between two function F and G on the phase space is given by the 
following formula 

f {8F 5G 5G SF\ 

Let us now perform the Legendre transformation and derive the Hamiltonian. De- 
noting by L the integrand in (|4,2ip we define the Hamiltonian as 

hA AJ iu\ / qA 



H(9 A ,9 A ,N,N) := / 9 A pa 

where 



Direct calculation gives us 



hence 



8L ± 

PA := w 



PA = ^*(9 A -E A ), (5.1) 



H(9 A , 9 A , N,N) = J ^(9 A + E A ) A *(9 A - E A ) + ^d9 A A *d9 A 
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Reversing the formula ([5.ip we get 



and therefore 



Thus 



j A = N*p A + E A , 



—9 A A *9 A = —pa A *p A + E A A p A + — E A A *E A - 
2N 2 2N 



H(6 A ,p A , N,N) = J j P A A *p A + £ A A p A + y^ A A *dO A . 

On the other hand using (|4.9jl we express the one form i? 71 as 

E A = d(iV£ A + A?j0 a ) + Njd6 A = d(N£ A ) + Crf8 A , 
where is the Lie derivative on S with respect to the vector field N. Consequently, 



and 



E A A PA = -m A d PA + d(NC A PA ) +CjfB A A p A 

H(9 A , PA , N, N) = J n(^ P a a *Pa ~ i A dp A + \d6 A A *d6 A ) + (C^9 A ) A p A , 

where £ A is a function of the canonical variable 6 A given by (|4.10p and N and N are 
Lagrange multipliers. The last term of the Hamiltonian can be expressed as 

(C$9 A ) A pa = ~d 9 A A (Nj Pa ) - (N^9 A ) A dp A + d((NJ A ) A p A ) = 

= -6 A AC^p A + d(Nj(e A Ap A )), (5.2) 

hence 

H[9 A , p A , N,N] = J n(^ p a A * Pa - t A dp A + \d6 A A *d6 A ) - 

- d6 A A {Napa) - {Nj9 a ) A d PA . (5.3) 

6 Algebra of constraints 



The Hamiltonian (|5,3p depends on the Lagrange multipliers N and iV. Variation of the 
Hamiltonian with respect to the multipliers give us the following constraints: 

7^ = \p A A *PA - £ A dPA + \d6 A A = 0, (6.1) 
Oiv 2 2 

5H 

— = -d0 A A (d t A PA ) - (dij9 A ) A #a = 0. (6.2) 
dl\ l 
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The constraints can be equivalently expressed as functionals on the phase space — for 
every function M on £ and for every vector field M on £ 



S(M) := J = J M(^ P A A *p A - i A d PA + X -dQ A A *d9 A ) = 0, 

V(M) := J^M i m - = -d9 A A (Mj Pa ) - (M^9 A ) A dp A = 0. 

We will call S(M) a scalar constraint and V(M) a vector constraint. Now the Hamilto- 
nian fj5.3|) can be written as 

H[9 A ,p A ,N,N] = S(N) + V(N). (6.3) 

The goal of this section is to show that (i) the vector and the scalar constraints are 
the only constraints of the system and (ii) they are of the first class. To reach the goals 
we have to calculate Poisson brackets between the constraints. 

To make the calculations easier and more transparent we are going to introduce some 
auxiliary formulae. 

6.1 Auxiliary formulae 

Let a be a one- form on E. The vector field obtained from a by raising its index with 
the inverse metric (|4,12p will be denoted by a: 

a = otdi := aiq lJ dj. 

Let j3 be a /c-form on £ and a a one-form on the manifold. Then, as proven in 
Appendix [HI 

* (*/3 a a) = qj/3. (6.4) 

The next important formula is one describing a functional derivative of the Hodge 
operator *. More precisely, assume that a and f3 are fc-forms on S independent of the 
canonical variables 8 A and ps- Then 

a A */3 = 9 B ^(r) AB aA*f3- (9 A ja) A *(9 B ->P) - A *(9 A ^)\ . (6.5) 

For the proof of this equation see Appendix [DJ Taking into account the complexity of 
the r.h.s. of the equation it will be convenient to introduce a short notation for it: 

9 B j(i] AB a A *p - (9 A jol) A *(#bj/3) - (9 B ja) A *{9 A jfi)\ =aA*' A (3. (6.6) 

Let us emphasize that the symbol a A *' A (3 as an abbreviation of the l.h.s. of (|6,6p will 
also be used in cases when the forms a and (3 do depend on the canonical variables. 
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While calculating the Poisson brackets we will encounter a contraction of £ A with 
a A *'aP- It is shown in Appendix |Pl that 

£Va*a/3) = 0. (6.7) 

The next formula describes the Lie derivative on £ of a three-form built from /c-forms 
a, f3 and the Hodge operator. For a vector field M on S we have 

C hl {a A *0) = Cfia A *0 + a A + £^6^ A {a A *i /3). (6.8) 

A proof of this equation can be found in Appendix [Ej 
The last formula, 

\e D B cA0 B Mf°t Jl = -*O D , (6.9) 

is proven in Appendix [Bj 

6.2 Poisson bracket of vector constraints 

It follows from (JO) that 

V(M) = [ p A A (£ a7 # A ) = - / # A A C mP a, 

llGIlCG 

^(M)_ a SV{M) _ 



6p A M ' se A 

Thus 



{V(M), V(M')} = / -C^pa A £^,0* -(Mo M') = 

= £ A £ Al ,0 A ) +p A A C a C^9 A -(Mo M') = 

= J Pa A [%,^,]^ = j^p A A£ [AiMl] A = V([M,M'\) 
— here we used the fact that 

J C^a = (6.10) 

for every three- form a on E. 
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6.3 Poisson bracket of scalar constraints 

Calculation of the Poisson bracket {S(M), S(M')} is more difficult. Let us introduce 
the following three functionals 

Sx(M) := I ^-p A A*p A , 



S 2 (M) :=- f Mi A dp A , 
is 

S 3 (M) := [ ^-dO A A *d9 A . 



Then 

S{M) = Sx(M) + S 2 (M) + S 3 {M) 

and 

{S(M), S(M')} = {Si(M), S\(M')} + {S 2 (M), S 2 (M')} + {5 3 (M), S 3 (M')}+ 

, {S 1 (M),S 2 (Ad')} + {S 2 (M),S 3 (M')} + {S 3 (M),S 1 (M')} - (Mo M'j). (6.11) 



The functional derivatives of the three functionals are of the following form 
6Si(M) M , B 

$Si(M) „, A 
5S 2 (M) 



{*dp D )e D BCA e B AO + —e B cde [d PB A * A (0° A A E )}, 
d{M£ J 

d{M*dO A ) + ^dO B A *' A i 
0. 



<^A 
<5pA 



Although the above derivatives appear to be quite complicated functions of the canon- 
ical variables it is not very difficult to see that most terms in (16. lip vanish. Indeed, the 
"quadratic" bracket {S 3 (M), S 3 (M')} vanishes because both functionals do not depend 
on the momentum p A . Another "quadratic" one 

{S 1 (M),S 1 (M')}= [ ^(p B A*' A p B )A*p A -(M^M')=0. 
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Next we consider "mixed" terms {Si(M), S 2 (M')} and {S 2 (M), S 3 (M')}: 



{Si(M),S 2 (M')}= [ M-(p B A*' A p B ) A(Z A dM' + M'dZ A ) 
Jt 1 



SS 2 (M) SS^M') 



59 A 5 PA 



MM' , B ^ . 5S 2 {M) 5 Si (M') 

where in the last step we used (I6.7p . The two obtained terms are proportional to MM 1 
hence 

{S X {M),S 2 {M')} - (Mo M') = 0. 

The other "mixed" term 

{S 2 (M), S 3 (M')} = ~ J (d(M'*d6 A ) + ^{d9 B A *' A d0 B j) A d(M£ A ) = 

f M ; f M 1 M 

= ~ / -7r{dO B A *' A d9 B ) A {i A dM + Md£ A ) = - / — — {d0 B A *' A d6 B ) A d^, 

where in the second step we used the Stokes theorem and in the last one we applied 
flgTrp . Thus 

{S 2 (M), S 3 {M')} - (M o M') = 0. 

It turns out that the remaining two terms in ([6.1ip do not vanish. Let us begin with 
the "quadratic" term 

{S 2 (M),S 2 (M')} = (M-(*d PD )e D BCA 9 B A9 C + 

+ ^ B cde (dps A *' A (9 C A 9 D A 9 E )^ A (i A dM' + M'd£ A )- 

- (M <-> M') = [ -{*d PD )e D BCAi A 9 B A 9 C A m = - [ (*dp D ) * 9 D A m = 
Jt 2 Jt 

= - I *(*9 D Am) A dp D = - 
Jt Jt 



rh^9 A dp A . 



Here we used: Equation (16, 7ft in the second step, (I6.9P in the third step, (I6.4|) in the last 
one and denoted 

m := MdM' - M'dM. 
The other non-vanishing term is a "mixed" one: 

{S 3 (M), Si(M')} — (M o M') = J (d(M*d9 A ) + ^-d9 B /\*' A d0 B ) AM' *p A 



(M -H- M') = I m A *p A A *d9 A = - J d9 A A *(*p A Am) = — j d9 A A rhjp A , 
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where in the last step we used ([6.4p . 

Collecting the two nonzero results we get 

{S(M), S(M')} = [ -d9 A A rhjpA - m^9 A A dp A = V{m). 
Jt 

6.4 Poisson bracket of vector and scalar constraints 

Clearly, 

3 

{S(M), V(M)} = £{Si(M), V(M)}. 
i=i 

In fact each of the three terms can be calculated in a similar way, therefore we present 
detailed calculation regarding only one of them: 

{S 3 (M),V(M)} = I d(M*d9 A )AC A} 9 A + ^-(d9 B A* A d9 B )A£ A} 9 A . 
Jt " * 

The first term can be transformed as follows 

f d(M*d9 A ) A C Al 9 A = [ M*d9 A A dC fl 9 A = 
Jt is 

f f M 

= / M*d9 A A£ A} d9 A = / — (£ Al d9 A A*d9 A + d9 A A*£ Aj d9 A ). 
Jt Jt - 

Thus 

{S 3 {M),V(M)} = [ ^-(C A} d9 A A*d9 A + d9 A A*C Al d9 A + C Al 9 A A(d9 B A*' A d9 B )) = 
Jt 2 

f M f 1 

= J Y C M^ eA A * d0 ^ = -J 2 {C M M)d6A A * d ° A = ~ S ^ C M M ^ 

where in the second step we used Equation (|6,8p and in the third Equation (|6.1Up , 
Similarly 

{Si{M),V{M)} = -Si{C a M) 

for i = 1,2. Consequently, 

{S(M),V(M)} = -S(C Al M). 
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6.5 Conclusions 



To summarize the calculations of the Poisson brackets let us collect the results: 



Since the Hamiltonian (|5.3p is a sum of the two constraints the Poisson brackets 
between the constraints and the Hamiltonian vanish weakly. This means that the scalar 
and vector constraints are preserved by the evolution generated by the Hamiltonian hence 
there are no other constraints. This conclusion together with the results above means 
that the constraints are of the first class. 

Note finally that the vector field rh appearing above depends via the inverse metric 
q ab on the configuration variable 6 A hence it is not a structure constant but rather a 
structure function. 

7 Summary and discussion 

We showed that the theory of a cotetrad on a four-dimensional manifold A4 given by 
the action (|3.ip can be easily expressed in a Hamiltonian form. A point in the phase 
space is a pair constituted by a restriction (6 A ) = (0 A ) of a cotetrad (0 A ) to the spatial 
three-dimensional manifold £ and a quadruplet (pa) of two- forms on £. The physical 
subset of the phase space is given by the scalar (I6.ip and the vector (|6.2p constraints. The 
Hamiltonian (|5.3p of the theory turned out to be a sum of the constraints which, of course, 
is not a surprise taking into account the fact that the action (13. ip is diffeomorphism 
invariant. The constraints are of the first class. 

Let us emphasize that the Hamiltonian formulation presented in this paper is similar 
to the ADM formulation of GR |22) as the unphysical degrees of freedom of the initial 
configuration space were parameterized by the lapse N and the shift N (see the remark at 
the end of Subsection I4.5|) . Consequently, the constraints appearing in the Hamiltonian 
formulation are the scalar and the vector ones and their algebra is not a Lie algebra since 
the Poisson bracket of the scalar constraints is the vector constraint smeared with a vector 
field which depends on the canonical variables. It was shown [13] in the case of TEGR 
that if the unphysical degrees of freedom are parameterized by 9 A then the resulting 
constraint algebra is a true Lie algebra. It would be interesting to check whether in the 
case of the theory analyzed in this paper one can obtain a true Lie algebra of constraints 
in the same way. 

Let us finally comment on the structure of the scalar constraint. Let a = ot A <g) va 
and (3 = f3 B ®vb be two-forms on A4 valued in M. Given coreper (0 A ) on the manifold, 



{V(M),V(M')} 
{S(M),S(M')} 

{S(M),V(M)}-- 




m = MdM' - M'dM, 



IS) 



which defines the Hodge operator *, one can introduce bilinear map 

(a, (3) ^ K(a, (3) := -ac A A */3 A . 

Similarly, let a = a A <g) v A and j3 = f3 B 0^ be two- forms on E valued in M. Given 
restricted coreper (0 ) on the manifold, which defines the Hodge operator *, one can 
introduce another bilinear map 

{a,P)^K(a,P) := ^a A A*P A . 

Note now that the action (|3,ip can be written as 

S[0 A ] = - j K(dO,dO), 

while the scalar constraint can be expressed as 

S(M) = J K(p,p) - C A d PA + K(dG, dO), 

where dO = d6 A (g) v A and dO = dO B <8) vb- Thus we see that two of the three terms 
constituting the scalar constraint are closely related to the action (|3,ip . What is interest- 
ing about this is that the structure of a scalar constraint appearing in the Hamiltonian 
formulation of TEGR obtained in |16] is similar: the scalar constraint consists of three 
terms: one is — £ dp Al while the remaining two are related in an analogous way to the 
action (|3.4p being the departure point of the analysis presented in [T6] , 
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A Volume form 

Let V be a real n-dimensional oriented vector space equipped with a scalar product 
g. Suppose that the signature of g is m € {0,1,2,... , n}, i.e., in every basis of V 
orthonormal with respect to g there are exactly m vectors normed to —1 (and (n — m) 
vectors normed to 1). If (w^) (/i = 1, . . . , n) is a basis dual to an orthonormal basis of 
V compatible with the orientation of V then 

e := u 1 A . . . A uj n 

is a volume form on V given by g. 
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Assuming that we use g and its inverse g 1 to, respectively, lower and raise indeces 
of components of tensors over V then the following formula holds 

= (-irkinsK, ...<K„ (A.l) 

where k, I € 0, 1, 2, . . . , n satisfy k + I = n. 



i 



Proof of ([A3]) . Note first that both tensors e Pl ...p kI/1 ... I/[ e pl - pk ' 11 -^ and 8^ Vl ...8^ 
appearing in (jA.ip 

1. are antisymmetric with respect to both upper indices and lower indices; 

2. their components are nonzero if and only if (i) the indices {fit, ...,///} are pairwise 
distinct and (ii) the unordered sets {/ii, ...,//;} and {Vi, . . . , v{\ coincide. 

These properties imply that there exists a function 

(h-l,...,M,vi,...,vi) ^ A(/zi,...,/U/,^i,...,^) 

symmetric with respect to indices {m, . . . ,/^} and symmetric with respect to indices 
. . . , v{\ such that 

e pi ... PkVl ... n e px ~ pk ^ 1 = A(mi, • • • , • • • , v\) • • • <K P 

Suppose now that the components in the equation above are given by an orthonormal 
basis of V. Then e\2... n = 1 an d e 12 - n = (— l) m and setting //j = i/j in the equation we 
obtain 

(-l) m fc! = A(/ii,...,/i|, ^1,..., At/)yy. 

Using the symmetricity of A and the two properties of the tensors c P i...p k v 1 ...vi eP1 '" pk>J ' 1 '" >J ' 1 
and • • • <^ ! Li listed above we arrive at (jA.ip . □ 

B Hodge dualization 

Let a, (3 be fc-forms over V and let I = n — k, where n = dimV. The scalar product g 
defines a scalar product 



The Hodge operator * maps a A;-form /3 to an /-form */3 such that for every fc-form a 

a a */3 = (a|/3)e. (B.2) 
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Equivalently, 

(*P)vi...vi = Ty/3/Lti... / Lt fc e w '"' ife n ... I/r (B-3) 

The map (3 i— > */3 is a linear isomorphism between the linear space of fc-forms and the 
linear space of Z-forms satisfying 

for every /c-form f3. 

Proof of (|4,20p m a general case. Assume that M is an n-dimensional oriented mani- 
fold with a Lorentzian metric g. Suppose, moreover, that A4 = M. x £ and that this 
decomposition satisfies all the assumptions listed at the beginning of Section H] (modulo 
existence of an appropriate coreper (0 A ) which is irrelevant here). 
If a, f3 are /c-forms (k > 2) on A4 then by virtue of (IB.1|) 

H/3) = ^(ka 0t2 ... lk /3oj 2 ... 3k 9 00 g t2n • ■ -9 ikjh + 

+ - l)ao l2i3 ..,JnO l3 - lk 9° n 9 t2 V 3J3 • • • //^ + ^o i2 ..,,A J2 ...^V 2J2 • • • 9 ikjk + 
+ to ni ,., fc /3o, 2 ..., fc 9 n V 2J2 • --9 lk3k + o;,.,^,,..,^' : -' : • • • .'/'' " ) (B.4) 

Under an obvious generalization (|4,18p is still valid hence we have 

g 00 = -N- 2 , g 0i = N- 2 N\ g ij = q ij - N~ 2 N { W . (B.5) 
Using these expressions we can transform the terms at the r.h.s. of (|B.4p as follows: 

the first term = — - {-N^a^J^.^q 1 ^ ■ ■ ■ Q hjk + 

+ N-\k - \)<H, v ,,., r H^.,.,, A'-A'V !J:i • • • 'I"-" )- 
the second term = - ]_ — iV 4 (fc - ll.io^,,,),,,,,..,^^'^^ . . . 

the third term = — j ^.V 2 n„, ,..;,.>„ ;: „.. f , .V',/'^' . . . <f«* = A^a JA?^, 

the fourth term = j N- 2 a ilia ... ik Po h ... jh N il q i * j > . . . g^* = AT 2 (J\f jal/Sj.),, 

the fifth term =^K...i fe /3 il ... ifc ^ 1 . . . 

- N- 2 ka ili2 .. A J jlj2 ... jk N il N^^ . . . = 
= {a\P) g - N- 2 {Nja\Njf3) g , 
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where {-\-) q denotes a scalar product (jB.ip of forms on Sj given by the metric q induced 
on the submanifold by g. It is easy to see that 

the first term + the second one = — N~ 2 (a±\/3±) q . 

Consequently, 

{a\P) = -N- 2 ((a ± \P ± ) q - {a±\Njp) q - {Nja\P±} q + {N^a\Nj(3) q ) + (a|£>, = 

= -N~ 2 (a ± - Nja\/3 ± - Nj§) q + (a\§) q . (B.6) 

For one- forms a, j3 we have 

(a\P) = a /3 g 00 + a /3 t g 0i + ai/3 g i0 + ot^K 

Applying ()B.5[) one easily arrives at (1B.6|) . 

If a is a zero-form then a = a and a± = = N_ia. Therefore, for zero-forms a, (3 

(a\/3) = a/3 = a/3 = (a\/3) q 

and this equation coincides with (jB.6[) . 

Under an obvious generalization the decomposition (|4,19p still holds in the general 
case. Using (I4.19|) and (1B.6|) in the following equation 

a A *f3 = (a\/3)e 

we obtain (H~20l) . □ 

Proof of (16. 4h . For the sake of generality let us assume that £ is an n-dimensional 
pseudo-Riemannian manifold with a metric q of signature m. If /3 is a fe-form on £ 
{k > 0), a a one- form on the manifold and I = n — k then 

* /3 = ^/3 ai ...a k e ai --- ak bl ... bl dx b i ® . . . ® dx b ' = ^/3 ai ...a k e ai - ak bl ... bl dx b i A...Adx bl , 

* (3 A a = ^/3 ai ...a k e ai --- ak bl ... bl a adx bl A ... A dx h A dx a = 
= ^^Pa 1 ...a k e ai --- ak [bl .. M a a] dx h ® ...®dx b ' ®dx a , 

* ( *^ A a) = 7r^^--^ eai '"' a ^i--^ a - ebl "'" 6za -i-- fe -i dxC1 ® • • • ® dxCfc_1 = 



(fc-ijmjfe! pai - afc 



a a /3 ai ... 0fc e ai - a S 1 ... 6i e bl - 6! ocl ... Cfc _ 1 dx cl A ... A dx c *- 



i 
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Applying (jA.ip we obtain 



/ i \m+kl 

W Aa)= (fc-i)l "'A'l^^^i • • • ^U-i^ A ... A dx^-i = 

/ -i ^m+H 

- ! ' -a ai /3 ai ... ak dx a2 A ... A (ix afc = (-l) m+H aj/3. 



For a three-dimensional Riemannian manifold the product kl is always even, m = and 
(IQjl follows. 

Equation (16. 4ft is true also in the case of a zero-form (5 — then its both sides are 
zero. □ 

Proof of (16. 9|) . We prove the formula by a direct calculation: 

\e D BCA e B A = -^e D BCA e A Kij * (0* A 9 1 A A0 C = 

= ~*(0 D A8 B A6 C )9 B A8 C = -^e ijk e B e Bj e C kO B 8^dx l Adx n = -iflf e\ n dx l Adx n = 

= -*6 D , 

where in the second step we used (lA.lj) and in the fourth one we applied (14. 5[) . □ 

C Canonical formalism in terms of differential forms 

The formalism we are going to describe here is based on the one presented in \17\ [7] . 
C.l Variational calculus 

Denote by tl k (U) a space of fc-forms on an open subset U of an n-dimensional manifold 
S. Consider a functional 

fl k {U) 3 /3 i-> F\fi\ £ R. 

Let I = n — k. The functional derivative 5F/5f3 is a map from ^(t 7 ) to M l (U) such that 
for every 6/3 € fi fc (C/) vanishing on the boundary dll and for every /3 € f2 fc ([7) 

(5F)[/3] = Js/3^\p\. (C.l) 

In the standard formalism the functional derivative 5F /o~f3j 1 ...j k (x) is a tensor density of 
weight 1 such that 

6F= l TR 6F M ^a 1 ...a k (x)dx n . (C.2) 
JU Op ai ...a k {X) 
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To find the relation between 5F/5f3 and 5F/5j3j 1 .„j k (x) let us express the r.h.s. of (jC.ip 
by means of a coordinate frame (x a ) on U : 

J 8P A ^[/3] = ySp ai .,. ak dx ai A ... A dx afc A i(^) 6l ... 6i dx 61 A ... A dx h = 

where e ai "' a k b i— h j g ^ e Levi-Civita density of weight 1 on U. Comparing the expression 
above with (|C,2p we obtain 



) h ... bl (x)t ai - akl l - (C3) 



To inverse the relation we use the Levi-Civita density 1 e ai ...a k b 1 ...bi of weight —1 and the 
identity 

-% l ..jbw..^"^-*=k\l\8Ki---^\ l (C4) 
which can be easily deduced from (jA.ip and obtain 

5F 1 

w = «^^^'^'-''^' A --- A<ili ' (&5) 

The formulae (1C.3|) and (jC5j) allow us to pass from the canonical formalism in terms of 
differential forms to the standard one and vice versa. 

C.2 Differential calculus 

Suppose that 7 is an n-form (n = dimS) on S which depends on a £;-form /3, but is 
independent of dB. One can define a partial derivative d^/dfi of 7 with respect to B as 
an /-form such that 

*7 = #a|£. (C6) 

To find a convenient expression for the derivative let us first introduce a density of weight 
1 

1 



7 := (C7) 

Then 



7 = ^x 1 a . . . A dx n (C.8) 
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and 



5 7 = Sjdx 1 A ... A dx n = — — — 8f3 ai ...a k dx 1 A ... A dx n 

(jPa\...a k 



= j . . . 8 a \ k dx l A ... A dx n . (C.9) 

OPa\...a k 

Applying ()C.4p we obtain the following formula 

,W — —SB, , 1 ^5 ~6 1 ...6 fc c 1 ...c i j 1 a a j n _ 

°7 — ^°Pb 1 ...b k ^ toi...a fc ci...cjC UJ ' A...AOX — 

= h 5 Pbi...b k \. ~ 1 e ai ...a k c 1 ...c l dx bl A ... A A dx Cl A ... A dx Ci , 

f '• ( yPai...a k 

hence 

= 5a£^^-«-*" A - A *"- (C10) 

C.3 Canonical formalism 

Let a be a fc-form on a manifold .A/f := M x S. Consider the following action 

S^a] = / L(a, da), 
JM 

where L is an (n + l)-form on A4. and d is the exterior derivative on the manifold. 
Assume that (x a ) are (local) coordinates on £ and that (x^) = (t = x°,x a ) are (local) 
coordinates on A4 compatible with the decomposition A4 = R x S. It follows from 
the decomposition of da in (|4.2p that in the action above there is no Lie derivative of 
aj_ with respect to dt and therefore from the point of view of canonical formalism a± 
can be seen as a Lagrange multiplier. Thus the only dynamical variable is a and the 
Hamiltonian is given by the standard formula 



H(p,a,a ± ) := f (a ai ... ak p ai - ah - L)dx n , 

(C.ll) 



d ®ai...a k 



where the tensor density p~ a ^--- a k \ s the momentum conjugate to a, a denotes the Lie 
derivative of a with respect to dt and L is defined according to (|C.7p by the Levi-Civita 
density gw-Mn+i on jv[ 
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Note that 



f — - T Mra+l — }_T „. • ?Oh—in — T /f 191 



hence by virtue of (|C,8P we have 

/ -Ldx n = / -Lldx 1 A . . . A dx n = I -L±. 



On the other hand by virtue of (jC 12[) 

^i±ai...a fc 

To proceed further with this expression note that it follows from (|C.6P and (|C.9P that 



SPaL.Atjw- 1 — da; A . . . A dx n = 5f3 A 

Setting in this formula <5/3 = a, 7 = Lj_ and /3 = a we see that the integral above can 
be expressed as 

<9L| 

a A 



da 

These results allow us to rewrite the Hamiltonian (IC.lip as 

H= faA^-L ± 
7s da 

and suggest introducing a momentum /-form p (/ = n — k): 

P:= ^ L = T\ J LX '<ai...a k c,..,,dx Cl A • • • A dx C >. (C.13) 

oa I. oa ai ak 

Using (ICTOl) and (^H2|) one can easily find a relation between the components p ai ...<n 
and p 6 i- 6 fc; 

p ai ...a ! =p 6l - 6fc ^6 1 ...6 fe a,.. ai . (C.14) 
Now the Hamiltonian can be expressed as 



H(p,a,a±) = / aAp — L±. 



A point in the phase space of the theory can be viewed now as a pair (a,p), where 
a is a fc-form on S, p is an /-form on the manifold and k + / = n = dim S. 
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Let us finally find an expression for a Poisson bracket in terms of differential forms. 
The bracket of functionals F, G in the standard formalism reads 

S F G\- [ ( S ^ — — — "| dx n (C 15) 



Then by virtue of flUjID and (Q) 



5G 5G 



eai...Ofc6i...6i — ( 1) 



Spai-au( x ) 8p bl ... bl (x) "i-"*^-- ' v / V5p y 

hence 



ai...a fc \ 



£ <5aa 1 ...a fe (^)^ ai - afe 



where in the first step we applied (|C.3p . This means that 

/ f — A — - — A — ) 

J s \5a <5p <5a <5p / 

D Functional derivative of the Hodge operator 

The goal of this section is to prove Equations fj(5.5|) and (|6.7p . 



Proof of (|6.5p . For the sake of generality we assume that £ is an n-dimensional oriented 
manifold equipped with a metric g of signature m. We suppose, moreover, that there 
exist s > n one- forms 6 A , A = 0, 1, . . . , s — 1, on £ such that 

q = VABB A ®9 B , (D.l) 

where (tjab) 1S a constant symmetric invertible s x s-matrix (the matrix (tjab) an d its 
inverse (r] AB ) will be used to, respectively, lower and raise the capital letter indices). 
Let 

F := / a A */?, 



where a,/3 are fc-forms on £ independent of the forms and * is the Hodge operator 
defined by q. 
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From the definition (|B.2p of the Hodge operator and the following expression of the 
volume form e defined by q 

e = \J (— l) m det q ab dx 1 A ... A dx n (D.2) 

we have 

a A */3 = ya ai ... a J bl ... bk q aibl ■ ■ ■ q akh \/(-l) m det q^dx 1 A ... A dx n . 
Consequently, 

F = X ^[ Q! °i--^^ 1 ...6 fe g ai61 • • • q akhk ^{-l) m detq ab dx n . 
If a, /3 do not depend on (9 ) and /c > then 
<5F 1 d<f lfel 



<s^(x) (k-i)\ aai - a ^ bl - hk def{x) 



...q akbk y / (-l) m detq ab + 



+ k[ a ai ...a k P bl ... bk q ...q 

Let us now find the two derivatives appearing in the last equation. Differentiating 
both sides of the identity q ac q cb = 5 a b with respect to 9f gives us 

dq ab achddQcd 
89 f q q 89 f 



By virtue of (jD.ip q cd = VCD^^d hence 

-q ac q bd VCD(S C ' A 5 c i9% + 9^S D A d d i ) = -(q ia 9 b A + q ib 9 a A ) = -9 m (9%9 b A + 9 b B 9 a A ) 



8q ab 



89f 

where the last step holds due to q ab = 9 Aa 9 b A . On the other hand 



cV(-l)"Metg Qb = {-l) m 8(detq ab )8q cd 
89f " 2V(-l) m detg afe 8q cd 89f 



(-iy 



2 A /(-l) m detg a6 
Thus we obtain 
5F 



(q cd det q ab )(2r ] cDe^ D A 5 i d ) = y/(-l) m det q ab 9\. (D.3) 



.... , ( - (-(0 B ja\0 A jP) - (9 A ja\9 B ^) + (a\P)r lAB )9 iB y/{-l)^detq ab , 
59f(x) 
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where 

6 A := B\di = q ij VAB0fdi. 

Applying ()C5|) and ()D.2|) we easily obtain the final result (|6.5p for A; > 0. 
Now let us show that (16.51) holds also in the case k = 0. Then 



and 



F = j a/3^/(-l) m detq ab dx n 



5F 



S9f(x) 

This means that for k = 

69 1 



a\P)rjABO tB V(-l) m detq ab . 



a A */3 = r]AB0 B j(a A 

s 



But for every zero-form a the contraction 9 j« is zero and the r.h.s. of the equation 
above coincides with the r.h.s. of (16.51). □ 



Proof of (|6.7p . The form a A *a/3, that is the l.h.s. of (|6,6p can be written as follows: 

a A *'a (3 = 9AiYjkdx j A dx k , 
where 7^ is a tensor field depending on 9 B . Consequently, 

£ A (a A *' A P) = ^ A 0Ai7 i jkdx j A dx k = 
by virtue of (jT4|) . □ 

E Lie derivative of a A */3 

Proof of (|6.8p . Let £ be an n-dimensional oriented manifold equipped with a metric g 
of signature m and s > n one-forms (9 A ) such that (jD.ip is satisfied. Let a, (3 be A>forms 
and M a vector fields on the manifolds. It follows from (IB.2P that 

C Al (a A = £^(H/3»e + (a|/3)£^e. 

Using (jB.ip we get for A; > 

= ^(%«)«i...«*/36i...6*« Bl61 •••^ + 
+ ya ai ... ak (£^)h..-h<l aibl ■ ■ ■ Q akbk + Jj^^a 1 ...a k ^..^m' 1 ) aibl ■ ■ ■ ^ 

(E.l) 
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where in order to avoid any confusion the symbol q was used to denote the metric 
inverse to q (i.e. (q~ 1 ) ab = q ab ). Because q ac q c b = S a b an d the Lie derivative of 5 a b is 
zero 

(C lQ q- 1 ) ab = -q ac q bd {C^q) cd = -q ac q h \{L^9 A ) c 9 Ad + {C^6 A ) d e Ac ) = 

= -(q ac o b A + rt)(£^) c = -e Bc (6%o b A + o b B o%)(c u e A ) c . 

Thus 

C a ({a\P)) = {C a a\P) + (a\C Al p) - ((9 A ja\9 B jP) + (fiaM^P))^ ' ^9 a 
and consequently 
£fi({a\P))e = C a a A *p + a A *C^- 

- B ^C a e A ) ((9 A ja) A *(6 B jP) + (0B-ia) A = A *(3 + a A *£ a1 /3- 

- £ Al A A fl^jf^ja) A *(9 B jP) + $ B ja){9 A -iP))- (E.2) 
The Lie derivative of the volume form e can be calculated as follows 



= d(Mje) = d( ^(-1)"^/ (-l) m det q ij M a dx 1 A . . . dx"" 1 Adx a+1 A . . . Adx n ) 

a=l 

n 

= ^(-l) a d 6 (^/(-l) m det qij M a )dx h Adx 1 A... dx a ~ l A dx a+1 A . . . A dx n = 
a=l 

= d a (J \-l) m det qijMadx 1 A ... A dx n . 

Using (1D.3I) we calculate further 



<9 a (^(-l)"Met % M ffl ) = etQtJ M a d a d A + yj \-l)m det q tJ d a M a = 

= ^/(-l) m det qil 9 A (M a d a 9 A + 6 A d c M a ) = ^(-l) m det fti 9 A jC^6 a , 

hence 

C^ = r, AB {B B Jl ii A )e 

and 

(a|/3)£ A? e = £^ A 8 B 4 VAB a A 
The above equation and ()E.2p give the desired identity (|6.8p for k > 0. 
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Consider now the case k = 0. For this value of k the last term disappears from the 
r.h.s. of (jE.ip . Consequently, the last term disappears from the r.h.s. of (|E.2p and thus 

Cft(a A *p) = Cfiot A */3 + a A *£ a1 /3 + C^9 A A 6 B j{r, AB a A */3). 

But for zero-forms a, (3 the r.h.s of this formula coincides with the r.h.s. of f)6.8[) which 
means that (|6.8p holds for every A; € {0, 1, . . . , n}. □ 
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